Using the coupled cluster method ͑CCM͒, we present a simple accurate calculation for the energies of the ground-and first excited states of the linear E e Jahn-Teller and pseudo-Jahn-Teller Hamiltonians. From the solution of a single transcendental equation, we obtain results with a maximal error of 1.2%. These results are notably better than previous results obtained both via the CCM and other many-body approximations.
I. INTRODUCTION
The linear E e Jahn-Teller ͑JT͒ and pseudo-JahnTeller ͑PJT͒ Hamiltonians describe a two-level fermionic system interacting with two independent modes of a quantized bosonic field. The JT Hamiltonian considers the case of degenerate fermionic levels, while the PJT Hamiltonian considers the case of nonzero fermionic level splitting. As such, these models serve as generic prototypes for a wide variety of physical systems. In quantum optics, models of this form are employed to describe the resonant or near-resonant interaction of a two-level atom with two perpendicularly polarized modes of a quantized electromagnetic field. 1, 2 In quantum chemistry, such models describe the vibronic coupling between two electronic levels ͑E͒ and two degenerate nuclear vibrational modes ͑e͒ in a molecule or crystal. 3 Yet another realization of these models is provided by the two-site polaron in solid-state physics, describing the interaction of an electron confined to two sites in a crystal lattice with the quantized phononic field of the lattice. 4, 5 Besides their physical importance, these simple models also contain interesting symmetries, and as such are ideal testing grounds for approximate many-body methods.
Given their physical relevance, the linear E eJT and PJT models have therefore been the subject of much theoretical investigation.
6-9 Judd 10,11 and subsequently Reik, 12 guided by the results of early numerical diagonalizations, 13, 14 proved the existence of analytic solutions for the linear E eJT and PJT Hamiltonians at isolated values of the coupling between the fermionic and bosonic subsystems. However, no analytic solution is yet available for arbitrary fermionic level splitting 0 at all coupling strengths. There is an extremely rapidly convergent expansion in terms of generalized spheroidal wave functions 15 but it is not exact, see Eq. ͑6.1͒ in Ref. 16 . A complete analytic ground-state solution, valid for all couplings, does exist for the case of the linear E e resonant pseudo-Jahn-Teller ͑RPJT͒ model, 12 for which the fermionic level splitting 0 is equal to the bosonic excitation quantum . More recent many-body analyses include variational calculations, based on a correlated squeezed state, for the JT 17 and PJT 18 models, and several applications of the coupled cluster method ͑CCM͒ to the JT model. 19, 20 The CCM, a nonperturbative method originally developed in nuclear physics by Coester and Kümmel, 21, 22 has been successfully applied in the analysis of the many-body groundstate in quantum chemistry, 23 ,24 the electron gas, 25, 26 lattice gauge, 27-29 latticized chiral meson, 30 and continuum field 31, 32 theories, and spin and electron lattice models. 33, 34 In previous applications of the CCM to the linear E eJT Hamiltonian, the method was applied to a unitarytransformed Hamiltonian. 19, 20 Results for the ground-state energy were obtained which were in better agreement, over the full coupling spectrum, with the results of a large-scale numerical diagonalization than the results of previous non-CCM calculations. 19 However, the unitary transformation employed in Ref. 19 destroys two important symmetries of the linear E eJT Hamiltonian. Besides the resulting loss of accuracy in the ground-state energy results, this approach is therefore also not readily generalized either to the first excited state, or to the PJT case of nondegenerate fermionic levels ( 0 Ͼ0).
We show here that it is possible to obtain extremely accurate CCM results for the ground-and first excited state energies of the linear E eJT and linear E ePJT systems in a straightforward manner, by maintaining the correct symmetries throughout the analysis. The key to our approach is the choice of the ͑analytic͒ linear E eRPJT ground-state wave function as the model state for the CCM. We present the calculation in an operator-based form which is independent of the particular realization of the bosonic modes. This operator-based approach also reproduces the Juddian ͑iso-lated exact͒ solutions for these models, and leads to explicit expressions for the Juddian wave functions. This paper is organized as follows: In Sec. II we intro-duce the linear E eJT and PJT Hamiltonians, along with their symmetries. We rewrite these Hamiltonians in a representation-independent form in Sec. III, where we also present an explicit form for the analytic ground-state wave function of the linear E eRPJT Hamiltonian. Section IV contains our CCM calculation and results, and in Sec. V we discuss these results and present our conclusions.
II. THE LINEAR E‹e JT AND PJT HAMILTONIANS
The linear E ePJT Hamiltonian is given by
and, as expected,
Consider now the ͑infinite-dimensional͒ subspace of the full Hilbert space corresponding to an arbitrary eigenvalue j of J. Once can show that the requirement
uniquely determines the state ͉⌿͘ j ref , 35 which is a reference state of angular momentum component j which will be used as a starting vector for the construction of a suitable basis for this j sector. This reference state can also be shown 35 to be an eigenstate of z with eigenvalue sϭ1 for jϭ pϩ 1 2 Ͼ0 and sϭϪ1 for jϭϪpϪ 1 2 Ͻ0 and of the parity operator ⌸ with eigenvalue exp(i(jϩ1/2)s). In particular, in the occupation number representation of modes of circular polarization, the reference state for the jϭ pϩ1/2-sector is given by ͉p͉͘0͉͘↑͘ and that for the jϭϪpϪ1/2-sector is ͉0͉͘p͉͘↓͘, where the first ͑second͒ ket refers to a bosonic occupation number state for the first ͑second͒ bosonic mode, and the third ket denotes the lower ͉͑↓͒͘ or upper ͉͑↑͒͘ level of the fermionic mode.
The operator approach now allows for the construction of a suitable basis for this j sector, without the need to specify the explicit form of the basis states in terms of, e.g., linearly or circularly polarized bosonic modes. For an arbitrary j-sector eigenstate ͉⌿͘ j of H RPJT , one may for instance construct the power series expansion
Since c † commutes with both J and ⌸, it is clear that the state ͉⌿͘ j has the same J and ⌸ quantum numbers as the reference state ͉⌿͘ j ref .
Substituting the expansion ͑16͒ into the Schrödinger equation
and using the relations ͑12͒, ͑13͒, and the condition ͑15͒, one obtains for the coefficients ͕X i ͖ the recurrence relations 0ϭ2X 2nϪ1 ϩ͑ pϩ2nϩs
0ϭ2X 2n ϩ͑ pϩ2nϩ1Ϫs
where sϭ1 for jϭpϩ1/2 and sϭϪ1 for jϭϪpϪ1/2. These equations constitute a simple reformulation of the well-known Longuet-Higgins recurrence relations, 10, 13, 36 generalized to incorporate the case 0 Ͼ0. It is clear that in general ͑i.e., arbitrary 0 Ͼ0), the solutions of ͑18͒ will be different for the cases sϭϮ1, and the eigenstates of H PJT are thus singlet states of definite parity and angular momentum component j. In particular, the ground state of H PJT is a unique positive-parity state, corresponding to jϭϪ1/2 and sϭϪ1, for all values of the coupling . Since the LonguetHiggins relations ͑18͒ are invariant under the simultaneous replacements ͕ 0 →Ϫ 0 , j→Ϫ j,s→Ϫs͖, it is clear that the first excited state of H PJT , which is a unique negativeparity state corresponding to jϭ1/2 and sϭ1, may formally be obtained by making the replacement ͕ 0 →Ϫ 0 ͖; we will use this fact in our CCM calculations.
For the linear E eJT Hamiltonian H JT , where 0 ϭ0, the solution of ͑18͒ in the jϭpϩ1/2 and jϭϪpϪ1/2 sectors ͑which are of opposite parity͒ are identical, which explains the twofold degeneracy of all energy levels in the spectrum of the linear E eJT Hamiltonian. In particular, the solution of ͑18͒ for ͕ 0 ϭ0; pϭ0, jϭϪ1/2͖ and ͕ 0 ϭ0; pϭ0, j ϭ1/2͖ yields the energy of the positive-and negative-parity ground states of H JT , which are degenerate for all couplings. Thus, the inclusion of the ͑vibronic͒ interaction terms transforms the electronic degeneracy of the noninteracting ground state of H JT into a parity degeneracy ͑which has previously been referred to as a vibronic degeneracy 3 ͒ at finite coupling. In the H PJT model, the finite fermionic level splitting 0 lifts the parity degeneracy of the ground state at all values of the coupling.
Juddian solutions
Reik et al. 12, [36] [37] [38] simplified the analysis of the Juddian ͑isolated exact͒ solutions for H PJT by observing that, at the Juddian points, a Neumann expansion of the Bargmann space wave function in modified Bessel functions terminates after a finite number of terms. Here, we simply recover the results of Reik et al. using the operator approach given above and obtain explicit expressions ͑independent of the realization of the bosonic modes͒ for the Juddian wave functions in the Dirac rather than the Bargmann representation. In direct analogy with the approach in Ref. 12 , we therefore construct the following ͑unnormalized͒ Neumann expansion for ͉⌿͘ j :
͑19͒
where I n is a modified Bessel function of the first kind of order n ͑see, e.g., Ref. 39͒, and as before sϭ1(s ϭϪ1) for jϭ pϩ1/2( jϭϪpϪ1/2). Substituting Eq. ͑19͒ into the Schrödinger equation ͑17͒ we obtain for n ϭ0,1,2,...,
where, by definition, x Ϫ1 ϭy Ϫ1 ϭ0. The parameter x 0 simply fixes the norm of ͉⌿͘ ϪpϪ1/2 and one can take x 0 ϭ 2 . After introducing the parameters
these equations can easily be seen to be equivalent to those of Reik et al. 12 Reik et al. noted that Juddian solutions for H PJT occur whenever the Neumann series ͑19͒ terminates at finite order; such a termination occurs at the Nth term if and only if both the conditions vϭN and ⌺ N ϵx N ϩy N ϭ0 are met. In particular, for vϭNϭ0 the energy lies on the 0th baseline
and the condition ⌺ 0 ϭx 0 ϩy 0 ϭ0 reduces to
pϪ2␦ϭ0, ͑23͒
which is independent of the coupling , and thus yields an analytic solution, valid for all coupling. Specifically, such a solution occurs for the ground ( jϭϪ1/2,pϭ0) state of the linear E e pseudo-Jahn-Teller Hamiltonian at resonance for which 0 ϭ, i.e., ␦ϭ0. Here, the reference state
ref has the form ͉0͉͘0͉͘↓͘, where ͉0͉͘0͘ is the bosonic vacuum for any particular realization of the bosonic modes.
Thus, we find that the ground-state wave function ͉⌿ 0 RPJT ͘ of the resonant pseudo-Jahn-Teller Hamiltonian H RPJT assumes the closed form
where A RPJT is a normalization constant, and the corresponding ground-state energy is given by Eq. ͑22͒. Expressed in terms of bosonic modes of circular polarization, ͉⌿ 0 RPJT ͘ assumes the explicit form
which allows for the determination of A RPJT via
.
͑26͒
For vϭNϾ0, the conditions ⌺ N ϭx N ϩy N ϭ0 may be used to find other Juddian solutions for H JT and H PJT . It has been conjectured 15 that an expansion of the wave function in generalized spheroidal functions terminates at all values of the coupling, rather than only at the Juddian points. Despite very strong numerical evidence, this conjecture has not been proved. However, the Juddian solutions may be still used to gauge the accuracy of approximate many-body techniques and in particular to confirm that the converged numerical diagonalization results for the spectra of H JT and H PJT are exact for all practical purposes. Also, it can be shown 36 that, for large coupling , all eigenvalues of H JT and H PJT approach the baselines vϭN. In particular, the energies of both the ground-and first excited states of these Hamiltonians approach the value E 0 Baseline ϭE 0 RPJT ϭϪ1/2Ϫ2 2 in the limit →ϱ.
IV. THE CCM: APPLICATION AND RESULTS
Central to the application of the CCM is the choice of the model state ͉⌽͘ and cluster correlation operator S, in terms of which the exact ground-state eigenket ͉⌿͘ of the Hamiltonian is parametrized as ͑see, e.g., Ref 
We 
For the ground state, one may replace the operator 2J by its eigenvalue Ϫ1. Furthermore, given the relation c͉⌽͘ϭ (Ϫ)͉⌽͘ and its Hermitian conjugate ͗⌽͉c † ϭ͗⌽͉(Ϫ), it follows that the SUB-1 CCM ground-state energy has the form
where the model-state expectation value ͗ z ͘ is given by
Using the commutation relations ͑12͒, one obtains the overlap equation
which determines the coefficient s 1 , and thereby also the SUB-1 CCM ground-state energy ͑32͒ in the RPJT scheme. It is clear from the form ͑32͒ that, as expected, the SUB-1 CCM ground-state energy E 0 CCM for the RPJT scheme is exact in the case of resonance 0 ϭ1.
For ease of comparison with other results, we introduce the coupling parameter
In Table I we compare our SUB-1 CCM results for the ground-state energy of the linear E e Hamiltonian ͑for which 0 ϭ0) to the effectively exact results obtained via numerical diagonalization, and also to results obtained via a variety of many-body calculations. It is clear that, even in first order, our CCM calculation based on the RPJT scheme yields a considerable improvement, over the full coupling spectrum, on the earlier so-called ''optimal'' CCM results of Ref. 19 , which in turn are far superior to results obtained via other many-body techniques. Furthermore, the CCM results of Wong and Lo given in Ref. 19 were obtained in the third level of their successive coupled cluster approximation scheme, and required the numerical solution of 13 nonlinear coupled equations. It is evident that the proper inclusion of the J and ⌸ PJT symmetries in our calculation, which requires the numerical solution of only the single trancendental equation ͑34͒, leads to a much simpler and considerably more accurate CCM calculation of the linear E eJT ground-state energy.
In Table II we present the results of a SUB-1 CCM calculation, based on the RPJT scheme, of the ground-state energy of the linear E ePJT Hamiltonian in the subresonant cases 0 ϭ0 ͑this is again the JT case͒ and 0 ϭ0.5, as a function of the coupling k 2 . Here, we also show the percentage error in the CCM results, as compared to the ͑converged͒ results of a numerical diagonalization of H PJT in a basis consisting of 101 even-parity jϭϪ1/2 states. Similar results for the supraresonant cases 0 ϭ1.5 and 0 ϭ2.0 are tabulated in Table III . It is clear that, already in the SUB-1 approximation, the CCM ground-state energy results for the RPJT scheme are extremely accurate over the full coupling regime and for a wide range of values of the fermionic level splitting 0 , with a percentage error, relative to the diagonalization results, of no more than 0.38% ͑see Fig. 1͒ for the range of parameters considered here.
In order to determine ground-state expectation values other than the energy in the SUB-1 RPJT scheme, we construct the energy functional 
͑38͒
It is evident that the other mimimization condition
simply reproduces Eq. ͑34͒ for s 1 . The NCCM ground-state expectation value of the operator z in the SUB-1 RPJT scheme is then given by
with s 1 and s 1 determined via ͑34͒ and ͑38͒, respectively. In The first excited state energy of H PJT is useful in, e.g., the analysis of the optical absorption properties of the linear E ePJT model. Since the symmetries of the Hamiltonian H PJT are built into our calculation, it is straightforward to extend the CCM analysis based on the RPJT scheme to the first excited state of H PJT , which is an odd-parity state corresponding to jϭ1/2. This can be done by repeating the ground-state analysis above, but with a model state of the form 
However, it is easily shown that this is equivalent to the following procedure: the first excited state of H PJT is, due to the invariance properties of the ͑exact͒ Longuet-Higgins relations ͑18͒, given by the ground state of the new Hamiltonian obtained by making the replacement 0 →Ϫ 0 in H PJT ; for the first excited state in the CCM, one therefore simply makes this replacement in Eq. ͑32͒, which determines the CCM energy, and in Eqs. ͑34͒ and ͑38͒, which determine the CCM coefficients s 1 and s 1 . The calculation is otherwise identical to that presented above for the ground state. It is important to note, however, that the model state ͑41͒ is not the analytic first excited state of the resonant ( 0 ϭ1) linear E e pseudo-Jahn-Teller Hamiltonian, H RPJT . Also, for the pure JT case ( 0 ϭ0), the procedure outlined above clearly gives the same energy results as for the ground state, reproducing the known twofold degeneracy of the H JT ground state.
In Table IV we present the results of a SUB-1 CCM calculation, based on the RPJT scheme, of the first excitedstate energy of the linear E ePJT Hamiltonian, in the cases 0 ϭ0.5 and 0 ϭ1.0, as a function of the coupling k 2 . We also show the percentage error in the CCM results, as compared to the ͑converged͒ results of a numerical diagonalization of H PJT in a basis consisting of 101 odd-parity jϭ1/2 states. Though not as good as the ground-state results, the CCM results for the first excited-state energy are still very accurate, over the full coupling spectrum, for the range of 0 considered here. For 0 Ͼ1, the SUB-1 calculation based on the RPJT scheme breaks down, indicating that the model state ͑41͒ is not a physically realistic starting state for the first excited state beyond 0 ϭ1.
In Fig. 3 we plot the percentage error in the results of the SUB-1 RPJT scheme calculation of the first excited-state energy of H PJT as compared to results obtained via numerical diagonalization, as a function of k 2 and 0 . For the range 0р 0 р1, the maximum percentage error of 1.2% occurs at intermediate coupling for the resonant case 0 ϭ1.
V. CONCLUSIONS
We have shown that, even to first order, the CCM can yield very accurate results for the ground-and first excited states of the linear E eJT and PJT Hamiltonians, provided that one chooses an appropriate model state. Incorporating the correct J and ⌸ PJT symmetries clearly leads to both a simpler calculation and more accurate results than have been previously obtained. It is also important to choose a model state which mimics the physical behavior of these states and in particular reproduces both the small and large coupling behavior. ͑It can in fact be shown that if one uses the zero coupling or noninteracting state as the model state one obtains an artificial termination in the CCM results. 35 ͒ It would also be interesting to extend these calculations both to higher lying excited states of the JT and PJT Hamiltonians, and to related nonadiabatic Hamiltonians, in particular the ⌫ 8 2 Hamiltonian, 3 bearing the above points in mind. To conclude, we have presented approximate calculations for the ground-and first excited-state energies of the JT and PJT Hamiltonians that require the solution of only a single transcendental equation. These calculations thus provide not only accurate but also practicable estimates for these quantities. 
